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Motivation: Dynamical urban planning model

Solve
Oep1 — Apf —div(; V(Vi + ) = 0,
Otp2 — Ap3 — div(p2V (Vo + 1)) = 0,
p1(0,-) = p1,0, p2(0,-) = p2.0,

on a compact, convex subset €2 of R” with no-flux boundary conditions, where
p,qg =1, Vi and V5 are smooth potentials and ¢ and , ) are:

® Potentials of Kantorovich: Optimal transport problem

® Potentials of Schrédinger: Entropic regularization of optimal transport
problem
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Classical Optimal Transport P(£2), 2 C R”

BN

® Static Monge problem (1781): given a source p; € P(Q2) and a target
p2 € P()

mf{/ Ix— T(x)|* dp1(x) : p2 = Typ1:=p10 Tl}

No splitting of mass!

® Very nonlinear constraint: By a change of variable, po = Txp; is equivalent,
at least formally, to solve the Monge-Ampére equation

p2(T(x)) det[DT(x)] = p1(x)
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Wasserstein distance

® Kantorovich relaxation (1942):

W5 (p1, p2) =min{//Q Q|y—><|2dv(><,y) Dy € H(m,pz)},

where

(p1,p2) = {7 € P(Ax Q) : mpy=p1 and Tapy = pa}.

® Wasserstein distance: Ws define a metric on P(Q2) and an optimal  is called
optimal transport plan between p; and ps.
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Dual formulation and Brenier's theorem

Dual formulation:

W%(Pl» P2)

:max{ [ o0 dmt+ [ 009 doato) : ol +010) < |x—y|2}.
Q Q

Solutions (¢, ) are such that 1) = »° := inf, |x — y|* — ¢(y) and ¢ is called
Kantorovich potential.

Theorem (Brenier 1989)

If p1 < Lq, then Kantorovich's problem admits a unique solution +y induced by a
map T, i.e. v=(ld, T)up:.
Moreover, T is the gradient of a convex function and satisfies T = Id — V¢ where
@ is a Kantorovich potential.
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Optimal transport and labour market [Carlier-Ekeland '04]

® p1, po are the densities of inhabitants and firms in a city Q C R?,
* Commuting cost from x to y given by c(x,y), e.g. c(x,y) = |x — y|?,
® Where to work? Optimization problem over commuting cost and salary, 1 (y),

p(x) = yigg {cxy) =¥y} -

Construction of a transport map:

T(x) = argmin {c(x, y) — ¢(y)}

Then the equilibrium constraint reads Txp1 = p».

This problem is equivalent to solve the optimal transport problem
inf / c(T(x), x) dp1 (x),
p2=Typ1 Jq

and ¢ and v are simply the Kantorovich potential associated to the dual
problem.
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Static urban planning model [Buttazzo-Santambrogio '05]

Optimal distribution in a city 2: Existence and characterization of minimizers of

(p1,p2) = Wi(p1, p2) + F(p1) + G(p2),

where

® F represents a congestion effect for the inhabitants, for example

Fp) = /Q F(p(x)) dx = /Q Fi)p(g))p(X),

where F is convex and superlinear. % is unhappiness of a citizen living at a

place with density p.

® (G represents a concentration effect for the firms, for example

G(p) = / / =P ()
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Wasserstein gradient flow

Energy:
E : P(Q) x P(Q) — (—o0, +0]

Otto’s calculus:

—div (o1 V£ (p1, p2)
gradwz E(pr,p2) = ( E o0 )

—div PzV%(phpz)

where g—i(p) is the first variation of £.

Gradient flow of &:

Op1 = div P1V%(017P2)

81&/’1 )
— —gradW 5(p1ap2> A 1
( (91_»,02 p) 5‘tp2 = div pQV%(PLM)
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Geodesic convexity

® Let pg, p1 € P(2) and ~ an optimal transport plan between py and p;.
Define the Wasserstein geodesic t — p; by

pi= (L= my + tma) .

A functional € : (p1,...,p1) — E(p1,...,p1) is said A-geodesically convex if

te[0,1] — E(pt,...,p}) is A-convex.

® Examples:
> E(p) = [ Flp) if F satisfies McCann'’s condition:

x € (0,4+00) — x"F(x" ") is convex nonincreasing
> E(p) = [ Vpif V A-convex
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Gradient flow and geodesic convexity
Ambrosio-Gigli-Savaré, '09

Assume £ A-geodesically convex then

® Existence and uniqueness of the gradient flow.

® Stability: Let p¢, pu: two solutions with initial conditions pg, 1o, then

Wa(pr, pie) < € Wa(po, o).
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Dynamical urban planning model

In this talk: Dynamics of

* E(p) = Wi(p1,p2) + Flp1) + G(p2)

* E(p) = W5 (p1,p2) + Flp1) + G(p2)

where W . is the entropic regularization of Ws.
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Entropic regularization

Regularized optimal transport problem:

We,e(p1, p2) == weHi(lgf,m) {//m c(x, y) dy(x,y) +e//QXQv(10g(v) - 1)}~

Can be rewritten as

Weelpr,p2) =€ inf  H(v[Ge),
YEll(p1,p2)

where G, := e~ < and H is the relative entropy defined by

dl _ .
H(Y|p) = { Joalos (du) ey i<
+00 otherwise.

I'-convergence: W, . I'-converges to W, [Léonard 12,
Carlier-Duval-Peyré-Schmitzer, '17]
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Addition of noise in the transport plan

[Benamou, Carlier, Cuturi, Nenna, Peyré, '15]

YN

Marginals

Transport plans when € increases
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Schrodinger system

® Change of reference measure: Define

Epnps) = _int [ ctenanton + Hilo )|

Y€ (p1,p2)

Remark: We c(p1, p2) = E(p1, p2) + €H(p1) + eH(p2).

® Schrodinger system: Dual solutions (¢1, ¢2) satisfies p1 @ p2 a.e.

$2()

p1(x) = —€elog ( [ e Ge(x,y) dpa(y)

b(y) = —clog ( [, €™ Go(x,y) dp1 (%)

® same regularity as ¢ and unique in Ck:=Ck x Ck/ ~ where

(¢1,02) ~ (¥1,92) & 3k € Rsuch that ¢1 =11 +x and 2 =2 — K
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Formal gradient flow

Formally, a Wasserstein gradient flow of W, . satisfies

81_»[)1 - dlv(p1V¢1) - GApl = 0,
Orpa — div(paVa) — eApy = 0,
p1(07 ) = P1,05 pQ(Oa ) = P2,0,

where (1, ¢2) are Schrodinger potentials for E(p1, p2).

~» Need regularity on the Schrédinger map:

5 : (plap2) — (¢1a¢2)
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Lipschitz stability of the Schrodinger map

Theorem (Carlier-Chizat-L., '22)

For k € N*, assume that c € C**1(Q). The Schrédinger map S : P(2)? — Ck is
Lipschitz continuous, i.e. there exists C > 0 such that, for all
(1, p2), (1, p2) € P(Q)*,

IS(p1, p2) — S(pa, p2)llge < C(W3(p1, 1) + Wa(p2, p2)) /2.
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ldea of proof

Denote P = (P17P2) and d) = (¢17 ¢2)
® Rewrite the Schrodinger system as

F(d)?p) =0

® For any optimal transport plan « € II(p, p), consider the interpolation

pP: = ((1 — t)ﬂ'l + tﬂ'g)#"}’

® Apply the implicit function theorem to

Ckx[0,1] —>cCk

Ty s Fp)
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Displacement smoothness and well-posedness

Corollary (Carlier-Chizat-L., '22)

If c € C?, then there exists A > 0 such that E and —E are (—\)-displacement
convex.

= Existence and uniqueness of Wasserstein gradient flow of W, .
atpl — div(p1V¢>1) — eApl = O,

8tp2 - dlv(p2V¢2) - EAPQ = 0,
p1(0,-) = p1,0, p2(0,-) = p2.0,
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Asymptotic convergence

Proposition (Carlier-Chizat-L., '22)

Assume that H(p?) < +oc for every i, then p,, the WGF of W, converges at an
exponential rate to the equilibrium p*, defined by

efC(X,}’)/edy
o = 0T
Joz €

i.e. there exists k > 0 independent of p° such that

WC,e(Pt) - WC,e(P*) < e_m(WC,e(PO) - qu(P*))'

Remark: E is not A\-geodesically convex with A > 0
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ldea of proof

® Note the identities
2 2
=3 [ Sodp Wedlp) = ¢ 3- Hiple 50N)
i=1 i=1

® Using the chain rule and an integration by parts

W o o
d:’ (pe) = —¢ (Il(P1|e $1ed/€) + Ty (po| e (P ))

where 7 is the relative Fisher information
T(pie) = [ V1o (25) [ oo

® Apply Log-Sobolev inequality: 3k = k(€2, ¢, €) > 0 such that
Tipile5P/¢) > — ki (pi|e 5P/,

® Conclusion: Gronwall's Lemma
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Extensions

® Multi-Marginal case: The existence and uniqueness can be extended to
systems with more than 2 populations.

® Numerical algorithm: Based on Sinkhorn algorithm (iterate ¢, and ¢, in the
fixed point problem)

Previous applications: Wasserstein barycenter ([Cuturi-Doucet '14],
[Benamou-Carlier-Cuturi-Nenna-Peyré '15]), Multi-marginal optimal transport
([BCCNP '15], [Nenna '16]), Wasserstein gradient flows ([Peyré '15]), etc.
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Gradient flow of & = W5(p1, p2) + F(p1) + G(p2)

Since (see for example Santambrogio's book Optimal Transport for Applied
Mathematicians)

B )~

where ¢ is a Kantorovich potential i.e. belongs to

{w : /Slsoer/Qsocu: W%(MA)}-

Formally: Wasserstein gradient flow of

2
E(pr.p2) = Walor. ) + 3 [ (pi1ox() + Vip)
i=1

solves

{ Op1 — Apy —div(p1 VVy) +div(p1 Vo) = 0, (1)
Orp2 — Apa — div(paV Vo) 4 div(pa Vip) = 0,

where (p(t),1(t)) is a pair of Kantorovich potential of Wa(p1(t), p2(t)), t-a.e.
NMPA, Sept 2023 27/37



Remark on geodesic convexity

® Geodesic convexity of W3: if cis a C* convex function such that 9; jc < 0 for
all i # j in dimension 1

® Existence and uniqueness in dimension 1
® Higher dimension: W3 is not geodesically convex!!

open problem
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Remark: system coupled by Monge-Ampeére equation

Since 1 = ¢¢ = inf, L=oA” | — ¢(y), and the optimal transport map 7= Id — V¢
satisfies the Monge—Ampere equation,

p2(T) det[DT] = p1.
Then, the system is equivalent to
Orp1 — Apy — div(p1 V Vi) +div(p1 Vo) = 0,

Orpa — Aps — div(paV Vo) + div(pa V©) = 0, 2)
p2(ld — V) det[l — D*¢] = pu,

where € is the c-transform of ¢, ¢°(x) = inf, @ —¢(y), and % —pis
convex.
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Weak formulation for div(p; V)
For an optimal transport plan v and a Kantorovich potential ¢ we have

Vo(x) =x—y v —a.e.
Then, for all ® € C2°(]0, +o0] x R™),
—+o0
/ V(2 %) - Vot x)pr (£, %) dxdt
0 Q
+oo
— [ [ Ve Vel dexn de
0 QxQ
+oo
—[ [ Ve - dlexnd
0 QxQ

where v(t) is the optimal transport plan for Wa(p1(t), p2(t)), t-a.e.

The nonlinear term p; Vi is replaced by a linear term in
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Weak solutions

A weak solution of (2) is a curve t € (0,+00) — (p1(t), p2(t)) € P?(2)? such
that p; € L*((0, T); WH1(Q)) for all T < +oco and for all @ € C2°([0, +o0] x R™),

+oo
/ (/&@pl dX*\/v(I)(V[H‘FVlel)
0 Q Q

[ ) Ve e ) de= = [ 2000000 o
QxQ Q

and

+o0o
/ (/ 8t<1>p2 dx — / Vo - (VPQ + V\/Q[)Q)
0 Q Q

- / (y—x) - Vo(t.y) dv(t,x,y)> dt = — / B(0, )p2.0(x) dx,
OxQ Q

where v(t) is the optimal transport plan for Wa(p1(t), p2(t)), t-a.e.
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Existence Theorem

Theorem (L. '20)

Assume that p1 o and ps o have finite Entropy, then system (2) admits at least one
weak solution.

JKO scheme ([De Giorgi, '93],[Jordan, Kinderlehrer, Otto,’98 |, [Ambrosio, Gigli,
Savaré, '05] : Given h > 0, construct (pX, p&) by induction

2
. 1
(p§™, p5™") = argminy T Wi (pi, i) + Ex(p1) + Ex(pa) + Wa(p1,p2).  (3)
i=1

where

Eilp) = Ja plog(p) + Vip  if p< L,
w +00 otherwise,

pin: piecewise interpolation in time of (p%)y.
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Extensions (1)

More than 2 populations and more general cost functions: Multi-Marginal
Optimal Transport problems

Wa(p1,p2) ~ Welpi, ..., p1) = inf /Ic(xl,...,x/) dy.
Q

YE(p1,--01)

Application to gradient flow of Wasserstein Barycenter [Agueh-Carlier 2010]
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Extensions (2)

Different transport problems for each population: Semi-implicit JKO scheme
(introduced by [DiFrancesco and Fagioli '14])

k+1

1
pih € argmin, — W5 (p, pf) + 2h(Ei(p) + We(p)),

2h
where,
W:I:(,(p) = WCi(p,l(a e vpf(—lapv Pﬁ_p e ap;()

Main argument: Wé‘ is Lipschitz in the Wasserstein space = time compactness.
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Open problems and future works

® Uniqueness or not in dimension d > 2 for the non regularized problem with
smooth initial data

e [-Convergence of the gradient flow of the entropic regularization problem to
the gradient flow of the optimal transport problem: Serfaty
[[-convergence of gradient flows on Hilbert and metric spaces and applications
] or send € and h to 0 in the same time during the JKO procedure

® Extension to different transport problem: taking into account the traffic
congestion during the transport [Carlier-Santambrogio, '05 | or a ring road
going arround the city [Monsaingeon, '21]

e Asymptotic behaviour for the unregularized problem

Maxime Laborde NMPA, Sept 2023 36/37



Thank you for your attention!

Maxime Laborde
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