Sinkhorn, end to end

Duality, matrix scaling, debiasing, and convergence

This exercise derives entropic optimal transport from Young’s inequality, obtains Sinkhorn scaling,
proves nonnegativity of the Sinkhorn divergence, and establishes convergence modulo constants.

Part I — Setting

Let Z Cc R? be compact, let «, 8 be probability measures on Z, and put X = suppa, Y = supp f3.
Assume that ¢ : Z x Z — Ry is continuous, symmetric, satisfies ¢(z, z) = 0, and is L-Lipschitz in
each variable. Write D = diam(Z) and ¢ > 0.

Principle 1 (Entropic transport).

OT.(a,$)i= min {/cdw—i—eKL(wHa@B)}, KL(x ) = /longdw.

The value is +o0 if 7 & . The minimizer exists and is unique.
Principle 2 (Young’s inequality). For ¢(r) = rlogr —r + 1,

rs < o(r)+e’ —1, r>0, seR,
with equality exactly when r = e°.

Principle 3 (Kernel assumption for debiasing). Set k.(z,y) = e~ ¢®¥)/¢ and

O K.o) = // he(z,y) dAA@) do(y), MR, = O\ KoN).
Part 111 assumes that k. is positive semi-definite. This holds for ¢(x,y) = ||x —y||?>. More generally,
e~¢ is positive semi-definite for every ¢t > 0 when c is conditionally of negative type [3].

Remark (Discrete notation). For o = ), a;0,, and § = Zj bjdy,;, set Cij = c(z;,y;) and Ky =
e~Cii/e. A coupling is a matrix P > 0 with P1 =a and PT1 = b.

Part II — Duality and Sinkhorn scaling

Step 1 (dual problem). Let = a® 8 and KL (7||p) = [ o(dr/du) dp.
(a) Show that KLy = KL on II(«, ), and justify existence and uniqueness of the primal minimizer.

b) For f € C(X) and g € C(Y), use Young’s inequality to prove
(b) For f € C(X) and g € C(Y), g’s inequality to p

D(f.g)i= [ fda [gds—c [[ (U st denls 1) da(e) ds)iea0T(0,5). (1)
(c) Show that equality holds when

drr, = eI®979/2 4(a @ B) (2)

has marginals a and 5.



Step 2 (soft transforms). Define

Sp(g)(x) = —elog / W)=/ dB(y),  Sa(f)(y) = —elog / MO=ewnE da(z).  (3)
Y X

a) Show that f = Sg(g) maximizes D(-, g) and that g = S, (f) maximizes D(f,-).
B
(b) Show that these equations are the two marginal constraints for (2).

(c) Check D(f +k,g — k) = D(f,g) and S(g + k) = Ss(g) — k.

Step 3 (matrix scaling). Sinkhorn iteration is fy11 = Sg(9k), 9k+1 = Sa(fe+1). In the discrete
setting, let u; = efi/s and vj = edile.

(a) Derive
1 1

- -,
“ ! KT (u®a)

K(vob)’ Pij = aibj K;ju;v;.

(b) Show that each half-step enforces one marginal and increases the dual value.

(c) Characterize a fixed point.

Part 1II — Sinkhorn divergence

Define 1 1
SE(OZ,B) = OTE(aaﬁ) - §OT€(OZ,OZ) - §OT€(/8aB)

Step 4 (entropic bias). Take Z = {0,1}, c(z,y) = |z — y|?, and a = (6 + 01).
(a) Find a constant Schrodinger pair and prove OT.(«, ) = elog H%I/g > 0.

(b) Compute the limits as ¢ — 0 and £ — co.

Step 5 (nonnegativity after debiasing). Assume that k. is positive semi-definite. Let f, be a
symmetric optimal potential for OT.(«, ) and set A\, = efe/eq; define 13, Ag similarly.

(a) Show
1
Ko =e o qae, [Nk =1, 2OTE(oz,a):/fada.

(b) Insert (fa, fs) into the cross dual problem and prove

9
Se(a, B) 2 5 lAa = sl > 0. (4)

(¢) Why does positive semi-definiteness not necessarily imply separation?




Part IV — Convergence

For h € C(X) set ||h]jo,0 = & 0sc(h) = 4(sup h — inf h), and similarly on C(Y).

Step 6 (quotient by constants). Prove inf,cr ||k — al|oo = 3 0sc(h). Deduce that || - |[o o is the
norm of the Banach quotient C'(X)/R. Why is this quotient necessary?

Step 7 (contraction of one soft transform). For g, = go + ¢(g1 — go), prove

6(gt(y)—c(x,y))/aﬁ( dy)
[ o/ dp

d
285060 = — [ (1~ 90) dr1es 10l ) =
Y
Using that 14, — v, has mass zero, show

1
155(91) = Sp(g0)llo.0 < w5llg1 = Golloco,  Kp = 5 sUP [Wee = ViwllTV (6)

2 x,x’ t

Step 8 (linear convergence). For v, = e*/ [ € df3, prove
[ — vollry < 2(1 — e oseem)), (7)

Deduce g, k5 < 1 — e 2EP/ < 1. Show that T = Sz 0 S, contracts C'(X)/R, and conclude that
Sinkhorn converges linearly to a unique Schrédinger pair modulo (f,g) — (f + k,g — k).

Solutions
Solution. Step 1. For r = drn/dp,
KL (7]|u) = KL(7||u) = 7(2*) + u(Z%) = KL(x|| ).

The coupling set is weakly compact; the objective is lower semicontinuous and finite at a® 8. Strict
convexity of entropy gives uniqueness.

Apply Young’s inequality with s = (f @ g — ¢)/e and integrate against u. The marginal
constraints give [(f ® g)dr = [ fda + [ gdf, hence (1). Equality holds exactly for the Gibbs
density (2). If it has the prescribed marginals, it is primal and dual optimal.

Solution. Step 2. For h € C(X),

9¢D(f,g)[h] :/ h(zx) {1 _ Z‘ntye(f(x)+g(y)*C(I,y))/a dB(y)| da(z).

X
It vanishes for every h exactly when f = Sg(g) on X; concavity gives the maximum. The symmetric
calculation gives g = S, (f). These two equations are precisely the marginal constraints for the
Gibbs plan. Finally, direct substitution gives both constant-shift identities.

Solution. Step 3. Equation (3) gives u; ' = > Kijv;b; and vj_l = Y, Kiju;a;. The Gibbs plan
is P;; = a;bjK;juv;. The u-update gives P1 = a; the v-update gives P"1 = b. Each update
maximizes one dual variable. At a fixed point both marginals hold, so the potentials are dual
optimal and P is the primal optimizer.



Solution. Step 4. By symmetry take f = g = ¢ constant. The marginal equation is
J2ofe Lt e

2

> 0. It tendstoOase — Oand to [[ cdada =1/2

=1.

Since OT: (o, a) = 2¢, OT. (v, @) = € log
as € — 00.

2
14+e—1/¢
Solution. Step 5. The self-marginal equation gives K. \o = e f2/¢ a-a.e. Therefore

Malli =1, Oﬂ@wDZQ/ﬁ&w

Evaluating the cross dual at (fq, f3) gives

OT.(a, ) > /fa da+intfzdf — e((Aa, KcAg) — 1).
Subtracting the self-costs yields
€
Se(a,8) 2 e(1 = (Ao, KoAg) = 5l Aa = Asllie. > 0.

A positive semi-definite kernel defines only a seminorm. Separation requires the kernel to be
characteristic; Gaussian kernels satisfy this stronger condition [1].

Solution. Step 6. ||h — a|lo0c = max(suph — a,a — inf h) is minimized at a = (suph + inf h)/2,
with value osc(h)/2. Thus || - ||o,cc is the quotient norm on C(X)/R, a Banach space. The quotient
removes the undetermined constant in the dual potentials.

Solution. Step 7. Differentiating (3) gives (5). Integrating in ¢ and subtracting the values at x, 2/
gives

[%@ﬁ‘%@ﬂ@%ﬂ%@ﬁ‘%@ﬂwv_—é<m—%Wm—%mNt

The signed measure has mass zero. Subtract any constant from g; — gg, minimize its sup norm,
and take one half of the supremum over x, 2’ to obtain (6).

Solution. Step 8. Shift u — v so that 0 <u —v < M := osc(u — v). For h = dv,/ duw,,

eu—’u
h > e M

- [ervdy, ~

Since both measures have mass one,
1 _
2HVu_VvHTV—/(l_h)+dyv§1_e M:

proving (7). For vy ., 14 5, the Gibbs potentials differ by [c(2/,-) — c(x, -)] /e, whose oscillation is at
most 2L D /e. Hence kq, k3 < 1 with the stated bounds.

Thus T' = Sg o S, contracts C'(X)/R with factor ¢ = kokg. Banach’s theorem gives a unique
fixed class. If T'(f«) = f« + k and g« = So(f«), the Gibbs plan has total mass 1 from its second
marginal and e /¢ from its first; hence k = 0. Therefore (f«,9«) is the unique Schrédinger pair
modulo constants and

[T f = T" fello,co < " IIf = Fillo,co-
The elementary estimate gives n = O(e?P/¢1og(1/6)) iterations for accuracy § as ¢ — 0; sharper
Hilbert-metric constants are available [2].
Remark. Young’s inequality gives the dual and Gibbs plan; coordinate maximization gives Sinkhorn
scaling; quotient-space contraction gives existence and convergence. Debiasing is a separate argu-
ment based on positive semi-definiteness of e~¢/<.
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