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Notations :

‚ pX , dq : a metric space (complete separable) Ñ X “ Z,Sn, ...
‚ MpX q : the set of non-negative measure on X .
‚ PpAq : the set of all probability measures on A Ă X .

More generally, given γ : R` Ñ R`, a lower semi-continuous function
with

γp0q “ 0 and γpu ` vq ď Cpγpuq ` γpvqq, @u, v P R`.

PγpX q :“

"

p P PpX q,
ż

γpdpx0, yqqdppyq ă `8
*

, x0 P X .

Specific examples :
- γqpuq “ uq , q ą 0, Pγq pX q “ PqpX q.
- γ0puq “ 1u‰0, γ0pdpx, yqq “ 1x‰y , Pγ0 pX q “ PpX q.

‚ Πpµ, νq : the set of probability measures in PγpX ˆ X q
with marginals µ and ν.
Any measure π P Πpµ, νq admits a decomposition

dπpx , yq “ dpx pyqdµpxq, π “ µm p

πpAˆ Bq “
ż

A
px pBqdµpxq, for all Borel set A,B of X .

‚ Hpν|mq : the relative entropy of ν P PpX q with respect to a measure m,

Hpν|mq :“

ż

log

ˆ

dν
dm

˙

dν, if ν ăă m,

and Hpν|mq :“ `8 otherwise.
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Weak transport costs.2

Notations :
‚ pX , dq : a metric space (complete separable) Ñ X “ Z,Sn, ...
‚ MpX q : the set of non-negative measure on X .
‚ PpAq : the set of all probability measures on A Ă X .

More generally, given γ : R` Ñ R`, a lower semi-continuous function
with

γp0q “ 0 and γpu ` vq ď Cpγpuq ` γpvqq, @u, v P R`.

PγpX q :“

"

p P PpX q,
ż

γpdpx0, yqqdppyq ă `8
*

, x0 P X .

Specific examples :
- γqpuq “ uq , q ą 0, Pγq pX q “ PqpX q.
- γ0puq “ 1u‰0, γ0pdpx, yqq “ 1x‰y , Pγ0 pX q “ PpX q.

‚ Πpµ, νq : the set of probability measures in PγpX ˆ X q
with marginals µ and ν.
Any measure π P Πpµ, νq admits a decomposition

dπpx , yq “ dpx pyqdµpxq, π “ µm p

πpAˆ Bq “
ż

A
px pBqdµpxq, for all Borel set A,B of X .

‚ Hpν|mq : the relative entropy of ν P PpX q with respect to a measure m,

Hpν|mq :“

ż

log

ˆ

dν
dm

˙

dν, if ν ăă m,

and Hpν|mq :“ `8 otherwise.
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Weak transport costs.3

Introduction : Marton’s transport inequality

In the 1990s, K. Marton introduced a weak transport cost rT2pν|µq.
She proved a variant of the Csizàr-Kullback-Pinsker inequality to recover a
Talagrand’s concentration inequality on product spaces, related to the so-called
convex-hull method.

The Csizár-Kullback-Pinsker inequality : for any µ, ν P PpX q

}µ´ ν}TV
2 ď 2 Hpν|µq,

where }µ´ ν}TV :“ 2 sup
A
|µpAq ´ νpAq|

“ 2 inf
πPΠpµ,νq

ĳ

1x‰y dπpx , yq.

The Marton’s transport inequalities : for any µ, ν P PpX q
rT2pν|µq ď 2 Hpν|µq, rT2pµ|νq ď 2 Hpν|µq,

with rT2pν|µq :“ inf
π P Πpµ, νq
π “ µm p

ż

cpx , px qdµpxq, cpx , px q “

ˆ
ż

1x‰y dpx pyq
˙2

.

By Jensen’s inequality,

1
4
}µ´ ν}2TV ď

rT2pν|µq ď
1
2
}µ´ ν}TV
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Introduction : Marton’s transport inequality
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Symmetric version of Marton’s transport inequalities :

1
2
rT2pν2|ν1q ď

´

b

Hpν1|µq `
b

Hpν2|µq
¯2
, @µ P PpX q, ν1, ν2 P PpX q,

or equivalently, since
´

a

H1 `
a

H2

¯2
“ inf

sPp0,1q
tH1{s ` H2{p1´ squ,

1
2
rT2pν2|ν1q ď

1
s

Hpν1|µq `
1

1´ s
Hpν2|µq, @s P p0, 1q.

Transport-entropy inequalities tensorize : setting µn “ µˆ ¨ ¨ ¨ ˆ µ P PpX nq,

1
2
rT2pν2|ν1q ď

1
s

Hpν1|µ
nq `

1
1´ s

Hpν2|µ
nq, @s P p0, 1q, @ν1, ν2 P PpX nq.

where
rT2pν2|ν1q :“ inf

π P Πpν1, ν2q

π “ ν1 m p

ż

cnpx , px q dν1pxq,

with for x “ px1, . . . , xnq P X n,

cnpx , pq :“
n
ÿ

i“1

cpxi , pi q, cpxi , pi q “

ˆ
ż

1xi‰yi dpi pyi q

˙2
.

pi denotes the i-th marginal of p.
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Symmetric version of Marton’s transport inequalities :
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Symmetric version of Marton’s transport inequalities :
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Symmetric version of Marton’s transport inequalities :
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Weak transport costs.6

How to recover the Talagrand’s concentration inequality?
Second method, duality arguments :

based on a generalized Kantorovich
duality theorem for weak transport costs. We will see further...

The classical Kantorovich dual theorem

If ω : X ˆ X Ñ r0.`8s is lower semi-continuous, then

Tωpµ, νq :“ inf
πPΠpµ,νq

ĳ

ωpx , yqdπpx , yq “ sup
pϕ,ψq

"
ż

ψ dµ´
ż

ϕ dν
*

,

where the supremum runs over all bounded continuous functions ψ,ϕ on X
such that

ψpxq ´ ϕpyq ď ωpx , yq, @x , y P X .

Given ϕ, we may replace ψ by the optimal function

Qωϕpxq “ inf
yPX

tϕpyq ` ωpx , yqu.

This yields Tωpµ, νq “ sup
ϕ

"
ż

Qωϕ dµ´
ż

ϕ dν
*

,

where the supremum runs over all bounded continuous functions ϕ on X .

Usual example : the Wasserstein metric Wq , q ě 1, µ, ν P PqpX q,

Tqpµ, νq “ Wq
qpµ, νq :“ inf

πPΠpµ,νq

ĳ

dqpx , yqdπpx , yq “ inf
pX ,Yq

ErdpX ,Y qqs,

X „ µ,Y „ ν. Duality holds with Qϕpxq “ infyPX tϕpyq ` dqpx , yqu.
Particular case : q “ 1
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Weak transport costs.7

Extension of Kantorovich duality to weak transport cost

Definition : Weak optimal transport cost

Let us consider a measurable function

X ˆ PγpX q Ñ r0,`8s
c : px , pq ÞÑ cpx , pq,

The weak optimal cost, Tcpν|µq, associated to c is defined by

Tcpν|µq :“ inf
π P Πpµ, νq
π “ µm p

ż

cpx , px qdµpxq, µ, ν P PγpX q,

Example 0 : For cpx , pq “
ż

ωpx , yq dppyq, with ω : X ˆ X Ñ R`,

Tcpν|µq “ inf
πPΠpµ,νq

żż

ωpx , yq dpx pyqdµpxq
looooooomooooooon

dπpx,yq

“ Tωpµ, νq,

is the usual Kantorovich optimal transport cost.

Example 1 : For cpx , pq “ α

ˆ
ż

γpdpx , yqq dppyq
˙

, with α : RÑ R,

Tcpν|µq “ inf
πPΠpµ,νq

ż

α

ˆ
ż

γpdpx , yqq dpx pyq
˙

dµpxq “ rTαpν|µq,

For γ0pdpx , yqq “ 1x‰y and αphq “ h2, rTαpν|µq is Marton’s cost (1996)
(or Dembo’s cost (1997) for other convex functions α).
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Weak transport costs.8

Kantorovich duality for weak transport costs

ΦγpX q : the set of continuous functions ϕ : X Ñ R such that

|ϕpxq| ď a` b γpdpx , x0qq, @x P X .

Φγ,bpX q : the set of functions in ΦγpX q bounded from below.

Definition : duality for weak transport costs

One says that duality holds for the cost

c : X ˆ PγpX q Ñ r0,`8s,

if for all µ, ν P PγpX q, it holds
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Weak transport costs.9

Theorem [GRST ’15] : Examples of weak costs for which duality holds

Example 0 : For cpx , pq “
ż

ωpx , yqdppyq.

Tcpν|µq “ inf
πPΠpµ,νq

ĳ

ωpx , yqπpdx , dyq “ Tωpµ, νq

“ sup
ϕ

"
ż

Qωϕ dµ´
ż

ϕ dν
*

, µ, ν P PγpX q,

with Qωϕpxq “ inf
pPPγpX q

"
ż

ϕ dp `
ż

ωpx , yq dppyq
*

“ inf
yPX

tϕpyq ` ωpx , yqu .

Example 1 : For cpx , pq “ α

ˆ
ż

γpdpx , yqq dppyq
˙

with α : R` Ñ r0,`8s (lower semi-)continuous convex and αp0q “ 0.

rTαpν|µq “ inf
πPΠpµ,νq

ż

α

ˆ
ż

γpdpx , yqq dpx pyq
˙

dµpxq

“ sup
ϕ

"
ż

rQαϕ dµ´
ż

ϕ dν
*

, µ, ν P PγpX q,

with rQαϕpxq “ inf
pPPγpX q

"
ż

ϕ dp ` α
ˆ
ż

γpdpx , yqq dppyq
˙*

.
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Theorem [GRST ’15] : Examples of weak costs for which duality holds

Example 2 :

Let µ0 denotes a reference probability measure on X .

cpx , pq “
ż

β

ˆ

γpdpx , yqq
dp

dµ0
pyq

˙

dµ0pyq, if p ăă µ0,

and cpx , pq “ `8 otherwise, with β : R` Ñ r0,`8s, convex and βp0q “ 0.

pTβpν|µq “ inf
πPΠpµ,νq

żż

β

ˆ

γpdpx , yqq
dpx

dµ0
pyq

˙

dµ0pyqdµpxq

ě rTβpν|µq

pTβpν|µq “ sup
ϕ

"
ż

pQβϕpxq dµpxq ´
ż

ϕpyq dνpyq
*

,

pQβϕpxq “ inf
pPPγpXq

"
ż

ϕpyq dppyq `
ż

β

ˆ

γpdpx , yqq
dp

dµ0
pyq

˙

dµ0pyq
*

.

Particular case : a Talagrand’s cost for γ0puq “ 1u‰0,

cpx , pq “
ż

β

ˆ

1x‰y
dp

dµ0
pyq

˙

dµ0pyq,

used by Talagrand (1996) as a main ingredient to reach deviation inequalities
for supremum of empirical processes with Bernstein’s bounds, see also S.
(2007).
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"
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Application : A simple proof of a result by Strassen
Let µ, ν P P1pRmq ; one says that µ is dominated by ν in the convex order
sense, µ ĺC ν, if

ż

ψ dµ ď
ż

ψ dν,
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Theorem. [Strassen 1965]

Let µ, ν P PpRmq.Then µ ĺC ν if and only if there exists a martingale pX ,Y q
(ErY |X s “ X ), where X follows the law µ and Y the law ν.
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Weak transport costs.13

Further results for barycentric costs
For θpx ´ zq “ |x ´ z|2,

T θpν|µq “ T 2pν|µq “ inf
pX ,Yq

E
”

|X ´ ErY |X s|2
ı

.

W 2
2 pν, µq “ inf

pX ,Yq
E
”

|X ´ Y |2
ı

.

For fixed ν P P2pRmq let

Bν “
 

η P P1pRmq | η ĺC ν
(

.

Proposition : Gozlan-Juillet 2018, Alfonsi-Corbetta-Jourdain 2018

Given µ, ν P P2pRmq, there exists a unique probability measure µ P Bν such
that

T 2pν|µq “ W 2
2 pµ, νq “ inf

ηPBν
W 2

2 pη, νq.

µ is called projection of µ on Bν .

Theorem : (equality case) Gozlan-Juillet 2018

µ, ν P P2pRmq. With the above definitions,

T 2pν|µq “ W 2
2 pµ, νq ô µ “ µ ô ν “ ∇τ#µ,

where τ : Rm Ñ R is a convex function of class C1 such that ∇τ is 1-Lipschitz.
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Further results for barycentric costs
For θpx ´ zq “ |x ´ z|2,

T θpν|µq “ T 2pν|µq “ inf
pX ,Yq

E
”

|X ´ ErY |X s|2
ı

.

W 2
2 pν, µq “ inf

pX ,Yq
E
”

|X ´ Y |2
ı

.

For fixed ν P P2pRmq let

Bν “
 

η P P1pRmq | η ĺC ν
(

.

Proposition : Gozlan-Juillet 2018, Alfonsi-Corbetta-Jourdain 2018

Given µ, ν P P2pRmq, there exists a unique probability measure µ P Bν such
that

T 2pν|µq “ W 2
2 pµ, νq “ inf

ηPBν
W 2

2 pη, νq.

µ is called projection of µ on Bν .

Theorem : (equality case) Gozlan-Juillet 2018

µ, ν P P2pRmq. With the above definitions,

T 2pν|µq “ W 2
2 pµ, νq ô µ “ µ ô ν “ ∇τ#µ,

where τ : Rm Ñ R is a convex function of class C1 such that ∇τ is 1-Lipschitz.
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A complete statement for T 2

Theorem : Gozlan-Juillet 2018, Backhoff-Veraguas-Beiglböck-Pammer 2018

‚ There exists ψo : Rm Ñ R convex bounded from below such that

T 2pν|µq “

ż

Q2ψ
o dµ´

ż

ψo dν.

‚ µ “ ∇τo#µ where

τo “ h‹ with hpxq :“
ψopxq ` |x |2

2
, x P Rm.

(recall that h‹pyq “ supxPRmtx .y ´ hpyqu.)
∇τo is 1-Lipschitz.

‚ If pX ,Y q is a coupling of µ and ν such that

T 2pν|µq “ E
”

|X ´ ErY |X s|2
ı

,

then ErY |X s has law µ and ErY |X s “ ∇τopXq almost surely.
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Examples of weak optimal transport costs for which duality holds

Example 4 :

The martingale transport problem on the line.
Let µ, ν P PpRq such that µ ĺC ν. According to Strassen Theorem,

Πmart pµ, νq :“

"

π P Πpµ, νq, π “ µm p,
ż

ydpx pyq “ x µ-almost surely
*

‰ H.

By definition, the martingale optimal cost associated to ω : Rˆ RÑ R is

T mart
ω pν|µq :“ inf

πPΠmart pµ,νq

ĳ

ωpx , yq dπpx , yq.

How to express this martingale cost as a weak cost?

For x P R, p P P1pRq, let ipx , pq “

$

&

%

0, if
ż

y dppyq “ x ,

`8, otherwise.
Observe that the function i is convex in p, and one has

T mart
ω pν|µq “ inf

πPΠpµ,νq

"
ĳ

ωpx , yq dπpx , yq `
ż

ipx , px qdµpxq
*

“ inf
πPΠpµ,νq

ż

cpx , px qdµpxq,

with cpx , pq :“

ż

ωpx , yqdppyq ` ipx , pq. The cost c is convex in p.

The dual Kantorovich Theorem for weak cost applies and we recover the
duality result by Beighböck-Henry-Labordère-Penker (2013).
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Weak transport costs.15

Examples of weak optimal transport costs for which duality holds

Example 4 : The martingale transport problem on the line.
Let µ, ν P PpRq such that µ ĺC ν. According to Strassen Theorem,

Πmart pµ, νq :“

"

π P Πpµ, νq, π “ µm p,
ż

ydpx pyq “ x µ-almost surely
*

‰ H.

By definition, the martingale optimal cost associated to ω : Rˆ RÑ R is

T mart
ω pν|µq :“ inf

πPΠmart pµ,νq

ĳ

ωpx , yq dπpx , yq.

How to express this martingale cost as a weak cost?

For x P R, p P P1pRq, let ipx , pq “

$

&

%

0, if
ż

y dppyq “ x ,

`8, otherwise.
Observe that the function i is convex in p, and one has

T mart
ω pν|µq “ inf

πPΠpµ,νq

"
ĳ

ωpx , yq dπpx , yq `
ż

ipx , px qdµpxq
*

“ inf
πPΠpµ,νq

ż

cpx , px qdµpxq,

with cpx , pq :“

ż

ωpx , yqdppyq ` ipx , pq. The cost c is convex in p.

The dual Kantorovich Theorem for weak cost applies and we recover the
duality result by Beighböck-Henry-Labordère-Penker (2013).
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Weak transport costs.16

Duality for martingale costs

Theorem : [B and al.,2013]

Let w : Rˆ RÑ R be a upper semi-continuous function, bounded from above.

sup
πPΠmart pµ,νq

ĳ

w dπ “ inf
f ,g,γ

"
ż

f dµ`
ż

g dν
*

,

where the infimum runs over all measurable bounded functions f , g, γ such that
for all x , y P R, wpx , yq ď f pxq ` gpyq ` γpxqpy ´ xq.

idea of the proof : The inequality ď is obvious since for all π P Πmart pµ, νq,
ż

hpxqpy ´ xq dπpx , yq “ 0. For the reverse inequality ě : let ε ą 0, ω “ ´w .

sup
πPΠmart pµ,νq

ĳ

w dπ “ ´T mart
ω pν|µq “ inf

g

"
ż

p´Rcgq dµ`
ż

g dν
*

ě

ż

p´Rcg0q dµ`
ż

g0 dν ´ ε.

sup
πPΠmart pµ,νq

ĳ

w dπ ě
ż

p´Rcg0q dµ`
ż

g0 dν ´ ε.

Observe that ipx , pq “ sup
γPR

γ ¨

ˆ
ż

y dppyq ´ x
˙

, it follows that

f0pxq :“ ´Rcg0pxq “ sup
p

inf
γPR

"

´

ż

g0dp `
ż

wpx , yqdppyq ´
ż

γ ¨ py ´ xqdppyq
*

“ inf
γPR

sup
y
t´g0pyq ` wpx , yq ´ γ ¨ py ´ xqu

ě ´g0pyq ` wpx , yq ´ γpxq ¨ py ´ xq ´ ε.

sup
πPΠmart pµ,νq

ĳ

w dπ ě inf
f0,g0,γ

"
ż

f0 dµ`
ż

g0 dν
*

´ ε,

over all f0, g0, γ, f0pxq ` g0pyq ` γpxq ¨ py ´ xq ` ε ě wpx , yq.
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Applications of duality to transport-entropy inequalities and concentration

A well known example : Pinsker ô Inégalité exponentielle (Hoeffding).

Definition : Weak transport-entropy inequality Tcpa1, a2q

The measure µ P PγpX q satisfies the transport-entropy inequality Tcpa1, a2q,
a1, a2 ą 0,

Tcpν1|ν2q ď a1Hpν1|µq ` a2Hpν2|µq ν1, ν2 P PγpX q.

Marton’s inequality : rT2pν2|ν1q ď
2
s Hpν1|µ

nq ` 2
1´s Hpν2|µ

nq,@s P p0, 1q.

Proposition : Dual characterization for weak transport-entropy inequalities.

If the Kantorovich duality holds for the weak cost Tc , then the following
statements are equivalents :

i) µ satisfies Tcpa1, a2q (a1, a2 ą 0)

ii) For all functions ϕ P Φγ,bpX q,
ˆ
ż

e
Rcϕ
a2 dµ

˙a2
ˆ
ż

e
´
ϕ
a1 dµ

˙a1
ď 1

Rcϕpxq “ inf
pPPγpX q

"
ż

ϕpyq dppyq ` cpx , pq
*

, x P X .

ii) is a generalisation of the so-called (convex) τ -property introduced by Maurey
(1990) to recover Talagrand’s concentration results.
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Applications of duality to transport-entropy inequalities and concentration
A well known example : Pinsker ô Inégalité exponentielle (Hoeffding).
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2
s Hpν1|µ

nq ` 2
1´s Hpν2|µ

nq,@s P p0, 1q.

Proposition : Dual characterization for weak transport-entropy inequalities.

If the Kantorovich duality holds for the weak cost Tc , then the following
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i) µ satisfies Tcpa1, a2q (a1, a2 ą 0)
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´
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"
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*

, x P X .

ii) is a generalisation of the so-called (convex) τ -property introduced by Maurey
(1990) to recover Talagrand’s concentration results.
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Idea of the proof (Bobkov-Götze 1999)

Assume that for all ν1, ν2 P PγpX q,

Tcpν1|ν2q ď a1Hpν1|µq ` a2Hpν2|µqTcpν1|ν2q “ sup
ϕPΦγ,bpXq

"
ż

Rcϕ dν2 ´

ż

ϕ dν1

*

ď a1Hpν1|µq ` a2Hpν2|µq,

Therefore, for all ϕ P Φγ,bpXq,

and all ν1, ν2 P PγpX q

a2

ˆ
ż

Rcϕ

a2
dν2 ´ Hpν2|µq

˙

` a1

ˆ
ż

´
ϕ

a1
dν1 ´ Hpν1|µq

˙

ď 0.

By optimizing over all ν1, ν2 we get

a2 sup
ν2

"
ż

Rcϕ

a2
dν2 ´ Hpν2|µq

*

` a1 sup
ν1

"
ż

´
ϕ

a1
dν1 ´ Hpν1|µq

*

ď 0.

Since sup
νPPγpX q

"
ż

ψ dν ´ Hpν|µq
*

“ log

ż

eψ dµ, @ψ P Φγ,bpXq,

it follows that

a2 log

ż

eRcϕ{a2 dµ` a1 log

ż

e´ϕ{a1 dµ ď 0.

or equivalently
ˆ
ż

eRcϕ{a2 dµ
˙a2

ˆ
ż

e´ϕ{a1 dµ
˙a1

ď 1
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From dual characterization of transport-entropy inequality to concentration

We assume that for all measurable functions ϕ : X Ñ RY t`8u bounded
from below

ˆ
ż

e
Rcϕ
a2 dµ

˙a2
ˆ
ż

e
´
ϕ
a1 dµ

˙a1
ď 1

where Rcϕpxq “ inf
pPPγpX q

"
ż

ϕ dp ` cpx , pq
*

, x P X .

Let A Ă X . Applying this inequality to the function

ϕpxq “ iApxq :“

#

0 if x P A,
`8 otherwise,

since
ż

e
´

iA
a1 dµ “ µpAq,

and Rc iApxq “ inf
pPPpX q

"
ż

iAdp ` cpx , pq
*

“ inf
p,ppAq“1

cpx , pq :“ cpx ,Aq,

we get the following type of Talagrand’s concentration result
ˆ
ż

e
cpx,Aq

a2 dµpxq
˙a2

µpAqa1 ď 1.

By Markov inequality,

µpX zAt q “ µ
`

tx P X , cpx ,Aq ą tu
˘

ď e´t{a2

ż

e
cpx,Aq

a2 dµpxq.

It follows that µpX zAt q
a2µpAqa1 ď e´t , @t ą 0.
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from below
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ż

e
Rcϕ
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ż
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ϕ
a1 dµ

˙a1
ď 1

where Rcϕpxq “ inf
pPPγpX q

"
ż

ϕ dp ` cpx , pq
*

, x P X .

Let A Ă X . Applying this inequality to the function

ϕpxq “ iApxq :“

#

0 if x P A,
`8 otherwise,

since
ż
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´
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and Rc iApxq “ inf
pPPpX q

"
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*

“ inf
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cpx , pq :“ cpx ,Aq,

we get the following type of Talagrand’s concentration result
ˆ
ż

e
cpx,Aq

a2 dµpxq
˙a2

µpAqa1 ď 1.

By Markov inequality,

µpX zAt q “ µ
`

tx P X , cpx ,Aq ą tu
˘

ď e´t{a2

ż

e
cpx,Aq

a2 dµpxq.

It follows that µpX zAt q
a2µpAqa1 ď e´t , @t ą 0.
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Examples of weak transport-entropy inequalities in discrete spaces
Barycentric transport inequalities

Proposition [S. 2003] : Weak transport inequalities for the Bernoulli measure

The Bernoulli measure µq on X “ t0, 1u with parameter q “ µqp1q satisfies
Tcs p1{p1´ sq, 1{sq, s P p0, 1q where

cspx , pq “ θs

ˆ

x ´
ż

ydppyq
˙

, x P t0, 1u, p P Ppt0, 1uq

with θsphq „0`
h2

2p1´qq , and θsphq „0´
h2

2q .

As a consequence, the product measure µn
q on t0, 1un satisfies

Tcn
s
p1{p1´ sq, 1{sq, and by projection arguments

`

px1, . . . , xnq ÞÑ
řn

i“1 xi
˘

,

Proposition [GRST 2015] : Weak transport inequalities for the binomial law

The Binomial law µq,n on t0, 1, . . . , nu satisfies Tcs,n p1{p1´ sq, 1{sq with

cs,npx , pq “ n θs

ˆ

1
n

ˆ

x ´
ż

ydppyq
˙˙

, x P t0, 1, . . . , nu.

θs is the same cost function as for the Bernoulli measure.

Proposition [GRST 2015] : Weak transport inequalities for the Poisson measure

Choose q “ λ{n, λ ą 0, and use the weak convergence as n Ñ `8 of the
binomial law µλ{n,n to the Poisson measure pλpkq “ λk

k!
e´λ, k P N.
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Characterization of probability measures on R satisfying a barycentric
transport-entropy inequality

Let θ : RÑ R` be a symmetric convex cost function satisfying

θptq “ t2, @t ď to, for some to ą 0.

For a ą 0, let θaptq “ θpatq , t P R.
For any µ, ν P PpRq, we consider the barycentric transport cost

T θa pν|µq “ inf
πPΠpµ,νq

ż

θa

ˆ
ż

x ´
ż

y dpx pyq
˙

dµpxq.

Theorem : [Gozlan-Roberto-S.-Shu-Tetali 2017]

Let µ P PpRq. The following propositions are equivalent :

i) There exists a ą 0 such that for all ν P PpRq,

T θa pν|µq ď Hpν|µq, and T θa pµ|νq ď Hpν|µq.

ii) There exists b ą 0 such that for all u ą 0,

sup
x
pUµpx ` uq ´ Uµpxqq ď

1
b
θ´1pu ` t2

o q,

where Uµpxq :“

#

F´1
µ

´

1´ 1
2 e´|x|

¯

, if x ě 0,

F´1
µ

`

e´|x|
˘

, if x ď 0.

Used by Strzelecka-Strzelecki-Tkocz (2017) to show that any symmetric
probability measure with log-concave tails satisfies a barycentric transport
inequality with optimal cost, up to a universal constant.
Ñ comparison results for weak and strong moments for random vectors of
independent coordinates with log-concave tails.
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Weak transport costs.22

Weak transport-entropy inequalities on the symmetric group

Sn : the group of permutations from t1, . . . , nu to t1, . . . , nu.
dH : the Hamming distance on Sn

dHpσ, τq :“
n
ÿ

i“1

1σpiq‰τpiq, σ, τ P Sn.

µo : the uniform distribution on Sn, µopσq “
1
n!

.

Theorem : [Maurey 1979]

For any subset A Ă Sn such that µopAq ě 1{2,

µopAt q ě 1´ 2e´
t2

64n , @t ě 0,

where At :“ tσ P Sn, dHpσ,Aq ď tu, dHpσ,Aq “ infτPA dHpσ, τq.

Proof based on Hoeffding’s inequality - martingale method.
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.

Theorem : [Maurey 1979]

For any subset A Ă Sn such that µopAq ě 1{2,

µopAt q ě 1´ 2e´
t2

64n , @t ě 0,

where At :“ tσ P Sn, dHpσ,Aq ď tu, dHpσ,Aq “ infτPA dHpσ, τq.

Proof based on Hoeffding’s inequality - martingale method.
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Improved concentration result by Talagrand for µo

Convex-hull method on Sn : Let A Ă Sn and σ P Sn,

dHpσ,Aq :“ inf
τPA

n
ÿ

i“1

1σpiq‰τpiq “ inf
pPPpAq

n
ÿ

i“1

ż

1σpiq‰τpiq dppτq.

ÝÑ
convex-hull

cpσ,Aq :“ inf
pPPpAq

cpσ, pq “ inf
pPPpAq

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiq dppτq
˙2

.

By Cauchy-Schwarz inequality, cpσ,Aq ě
1
n

d2
Hpσ,Aq.

Theorem. [Talagrand 1995]

For any subset A Ă Sn,
ż

Sn

ecpσ,Aq{16dµopσq ď
1

µopAq
.

By Markov’s inequality, if µopAq ě 1{2, then

µopAt q ě

µopAc,r q ě 1´ 2e´r{16, u ě 0,

where Ac,r “ tσ P Sn, cpσ,Aq ď ru .

Ac,r Ă A?nr , setting t “
?

nr we recover Maurey’s concentration inequality.
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By Cauchy-Schwarz inequality, cpσ,Aq ě
1
n

d2
Hpσ,Aq.

Theorem. [Talagrand 1995]

For any subset A Ă Sn,
ż

Sn

ecpσ,Aq{16dµopσq ď
1

µopAq
.

By Markov’s inequality, if µopAq ě 1{2, then

µopAt q ě µopAc,r q ě 1´ 2e´r{16, u ě 0,

where Ac,r “ tσ P Sn, cpσ,Aq ď ru .

Ac,r Ă A?nr , setting t “
?

nr we recover Maurey’s concentration inequality.
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Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu

and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1,

µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.25

Specific example : the Ewens distribution on the symmetric group

µθ : the Ewens distribution of parameter θ ą 0 on the symmetric group Sn,

µθpσq “
θ|σ|

θpnq
, σ P Sn,

where
‚ |σ| is the number of cycles in the cycle decomposition of σ,

‚ θpnq is the Pochhammer symbol defined by θpnq “
Γpθ ` nq

Γpθq
,

Γpθq “

ż `8

0
sθ´1e´sds.

Result : The Chinese restaurant process. µθ is the law of the product of
transpositions

pn,Unqpn ´ 1,Un´1q ¨ ¨ ¨ p2,U2q,

where the Ui ’s are independent random variables with values in t1, . . . , iu and

PpUi “ iq “
θ

θ ` i ´ 1
, PpUi “ 1q “ ¨ ¨ ¨ “ PpUi “ i ´ 1q “

1
θ ` i ´ 1

.

Particular case : θ “ 1, µθ is the uniform distribution on Sn, µθ “ µo .



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution

Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q

:“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.26

Weak transport inequality for the Ewens distribution
Let us define the weak-transport cost :

uT2pν2|ν1q :“ inf
π P Πpν1, ν2q

π “ ν1 m p

ż n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdpσpτq
˙2

dν1pσq.

By Cauchy-Schwarz inequality
1
n

W1
2pν1, ν2q ď

uT2pν2|ν1q ď W1pν1, ν2q,

where W1 is the Wasserstein distance on PpSnq associated to dH .

Theorem : [S. 2017]

For all s P p0, 1q,
1

20
uT2pν2|ν1q ď

1
s

Hpν1|µ
θq `

1
1´ s

Hpν2|µ
θq, @ν1, ν2 P PpSnq,

or equivalently, for all function ϕ : Sn Ñ R, one has
ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

where uQϕpσq “ inf
pPPpSnq

"
ż

ϕpτqdppτq ` ucpσ, pq
*

, σ P Sn,

with ucpσ, pq “
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

.

Key properties for the proof : The Chinese restaurant process,

µθpσq “ µθpσ´1q and µθpσq “ µθpt´1σtq @t P Sn.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function :

there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0,

eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,

ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,

ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż
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esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
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αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
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#
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20
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It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq
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ż

e
rQϕdµ e´µpϕq ď 1,
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eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.27

Application to concentration on Sn

ˆ
ż

Sn

esuQϕdµθ
˙1{s ˆż

Sn

e´p1´sqϕdµθ
˙1{p1´sq

ď 1,

Assume ϕ is a configuration function : there exist functions αi : Sn Ñ R` such
that

ϕpτq ě ϕpσq ´
n
ÿ

i“1

αi pσq1σpiq‰τpiq @σ, τ P Sn.

It follows that

rQϕpσq “ inf
pPPpSnq

#

ż

ϕpτqdppτq `
1

20

n
ÿ

i“1

ˆ
ż

1σpiq‰τpiqdppτq
˙2

+

ě ϕpσq ´ sup
p

n
ÿ

i“1

«

αi pσq

ż

1σpiq‰τpiqdppτq ´
1

20

ˆ
ż

1σpiq‰τpiqdppτq
˙2

ff

ě ϕpσq ´
n
ÿ

i“1

sup
Iě0

#

αi pσqI ´
I2

20

+

“ ϕpσq ´ 5
n
ÿ

i“1

α2
i pσq

“ ϕpσq ´ 5|αpσq|22,

It follows that rQϕpσq ě ϕpσq ´ 5|αpσq|22,

Let µ “ µθ and µpϕq “
ż

ϕ dµ.

As s Ñ 0, eµp
rQϕq

ż

e´ϕdµ ď 1,
ż

e´ϕdµ ď e´µpϕq`5µp|α|22q.

As s Ñ 1,
ż

e
rQϕdµ e´µpϕq ď 1,

ż

eϕ´5|α|22 dµ ď eµpϕq.



P-M. Samson

introduction
Marton’s inequality

Talagrand’s concentration

Kantorovich duality
for classical costs

for weak costs

Examples of weak cost
Marton’s type of cost

Barycentric cost

Strassen’s result

Further results

Martingale costs

Weak transport
inequalities
Dual characterization

to concentration

Barycentric transport
inequalities
examples

characterisation on R

Transport inequality on
the symmetric group
introduction

Ewens distribution

deviation inequalities

The Schrödinger
minimization problem
definition

curvature in discrete spaces

Weak transport costs.28

Examples of configuration functions on Sn.

‚ ϕpσq “ |σ|k : number of cycles of lengh k in the cycle decomposition of σ.
|σ|1 : the number of fixed points by σ.

Let mk “

ż

|σ|k dµpσq. We get for all t ě 0,

µθp|σ|k ď mk ´ tq ď exp

˜

´
t2

20kmk

¸

,

and

µθp|σ|k ě mk ` tq ď exp

˜

´
t2

20kpmk ` tq

¸

.

‚ ϕpσq “ sup
tPF

n
ÿ

k“1

at
k,σpkq, with 0 ď at

k,σpkq ď M, then for all t ě 0,

µθpϕ ď µθpϕq ´ tq ď exp

˜

´
t2

20µθpψq

¸

,

and

µθpϕ ě µθpϕq ` tq ď exp

˜

´
t2

20pµθpψq `Mtq

¸

,

where ψpσq “ sup
tPF

n
ÿ

k“1

pat
k,σpkqq

2 ď Mϕpσq.
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The Schrödinger minimization problem

Notations :
X : the state space of an homogenous Markov process, X is discrete.

L : the infinitesimal generator.
Lγ “ γL, γ ą 0 is the temperature.

m : a reversible mesure on X , mpxq ą 0, @x P X , for all x , y P X ,

mpxqLpx , yq “ mpyqLpy , xq.

Pt “ etL : the Markov semi-group, Pγt “ et Lγ“ Pγt ,
Ω Ă X r0,1s : the set of left-limited , right-continuous, piecewise constant paths

ω “ pωt qtPr0,1s P X r0,1s.

Xt : the projection map, Xt : ω ÞÑ ωt

For any Q PMpΩq, Qt “ Xt #Q

Rγ : As reference measure on Ω, let Rγ be the Markov path measure
with initial measure Rγ0 “ m and generator Lγ .

Since m is an invariante measure for the Markov semi-group,

Rγt “ m, @t P r0, 1s.

Rγ0,1 :“ pX0,X1q#Rγ , for all x , y P X ,
Rγ0,1px , yq “ mpxqPγpx , yq, Rγ0,1 “ m m Pγ .
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The Schrödinger minimization problem

Let µ0, µ1 P PpXq (with finite support) with density h0 and h1 with respect to m.

‚ The dynamic Schrödinger problem associated to Rγ is
to minimize HpQ|Rγq over all Q P PpΩq such that Q0 “ µ0, Q1 “ µ1.

‚ The static Schrödinger problem associated to Rγ is
to minimize Hpπ|Rγ0,1q over all π P Πpµ0, µ1q.

Theorem : [see C. Léonard 2013]

1 The dynamic and static Schrödinger problems have same minimum value,

TγS pµ0, µ1q “ inf
πPΠpµ0,µ1q

Hpπ|Rγ0,1q.

2 The dynamic problem is reached for the so called Schrödinger bridge
pQγ P PpΩq, with density f pX0qgpX1q with respect to Rγ , where
f , g : X Ñ R satisfy the so called Schrödinger system
"

f pxqERγ pgpX1q|X0 “ xq “ h0pxq,
gpyqERγ pf pX0q|X1 “ yq “ h1pyq.

"

f pxqPγgpxq “ h0pxq,
gpyqPγ f pyq “ h1pyq.

The static problem is reached for
pQγ0,1 “ pX0,X1q#pQγ .

For all x , y P X ,
pQγ0,1px , yq “ f pxqgpyqRγ0,1px , yq “ f pxqgpyqmpxqPγpx , yq.
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1 The dynamic and static Schrödinger problems have same minimum value,
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Hpπ|Rγ0,1q.

2 The dynamic problem is reached for the so called Schrödinger bridge
pQγ P PpΩq, with density f pX0qgpX1q with respect to Rγ , where
f , g : X Ñ R satisfy the so called Schrödinger system
"

f pxqERγ pgpX1q|X0 “ xq “ h0pxq,
gpyqERγ pf pX0q|X1 “ yq “ h1pyq.

"

f pxqPγgpxq “ h0pxq,
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The static problem is reached for
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The Schrödinger problem as a weak transport cost

From the decomposition Rγ0,1 “ m m Pγ ,

one has for all π P Πpµ0, µ1q, π “ µ0 m p,

Hpπ|Rγ0,1q “ Hpµ0 m p|m m Pγq “ Hpµ0|mq `
ż

Hppx |Pγx q dµ0pxq,

and therefore, taking the infimum over all π P Πpµ, νq

TγS pµ0, µ1q “ Hpµ0|mq ` TSpµ1|µ0q,

with
TSpµ1|µ0q :“ inf

π P Πpµ0, µ1q

π “ µ0 m p

ż

Hppx |Pγx qdµ0pxq.

TSpµ1|µ0q is a weak transport cost associated to the cost

cpx , pq “ Hpp|Pγx q, x P X , p P PpX q.

Since p ÞÑ Hpp|Pγx q is convex, the Kantorovich duality theorem holds,

TSpµ1|µ0q “ sup
ψ

"
ż

Rcψ dµ0 ´

ż

ψ dµ1

*

,

with Rcψpxq “ inf
pPPpXq

"
ż

ψdp ` Hpp|Pγx q
*

“ ´ log Pγpe´ψqpxq.
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Weak transport costs.32

Curvature in discrete setting

Question : Is there a “good” notion of curvature in discrete setting from which
we can recover
‚ transport-entropy inequalities,
‚ Poincaré inequalities ,
‚ modified log-Sobolev inequalities, hypercontractivity,
‚ Prékopa-Leindler types of inequalities,
‚ concentration properties...

Several notions of curvature have been proposed on discrete spaces to extend
the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.

- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete, following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1

2 p∆f ´∇U ¨∇q.
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‚ modified log-Sobolev inequalities, hypercontractivity,
‚ Prékopa-Leindler types of inequalities,
‚ concentration properties...

Several notions of curvature have been proposed on discrete spaces to extend
the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).

‚ Lott-Sturm-Villani definition of curvature.
- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete, following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1

2 p∆f ´∇U ¨∇q.
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the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.
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- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :
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approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1
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Curvature in discrete setting
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the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.

- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete, following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1
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Curvature in discrete setting
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‚ Prékopa-Leindler types of inequalities,
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Several notions of curvature have been proposed on discrete spaces to extend
the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.

- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete, following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1
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Curvature in discrete setting

Question : Is there a “good” notion of curvature in discrete setting from which
we can recover
‚ transport-entropy inequalities,
‚ Poincaré inequalities ,
‚ modified log-Sobolev inequalities, hypercontractivity,
‚ Prékopa-Leindler types of inequalities,
‚ concentration properties...

Several notions of curvature have been proposed on discrete spaces to extend
the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.

- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete,

following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1
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Curvature in discrete setting
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Several notions of curvature have been proposed on discrete spaces to extend
the lower bound on Ricci-curvature in Riemannian geometry.
‚ The Bakry-Emery curvature condition (1985) - Γ2-calculus,

the exponential curvature-dimension condition
Bauer-Horn-Lin-Lippner-Mangoubi-Yau (2013)

‚ The coarse Ricci curvature, Ollivier (2009), Lin-Lu-Yau (2010).
‚ Lott-Sturm-Villani definition of curvature.

- Rough curvature bounds, Bonciocat-Sturm (2009),
- The entropic Ricci curvature, Erbar-Maas (2013), Mielke (2013),
- Geodesic convexity property of entropy along interpolation paths :

Gozlan-Roberto-S.-Tetali (2014), Hillion (2014), C. Leonard (2013-2014)

see also Maas-Erbar-Tetali (2015), Erbar-Fathi (2016), Fathi-Shu (2018),...

We will focus on the approach by C. Leonard in discrete, following the recent
approach by G. Conforti (2018) in continuous spaces when L is a diffusion
generator Lf “ 1
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