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Outline

■ Motivation: Bayesian inverse problems

■ Covariance-modulated optimal transport

■ Gradient flows induced by covariance-modulated transport

■ Trend to equilibrium for modulated gradient flows



Inverse problems for parameter estimation

Parameter estimation: given data y ∈ RK and noise ξ ∈ Rd

find parameter x : y = G(x) + ξ for given model G : Rd → R
K .

Posterior density: For Gaussian noise ξ ∼ N(0,Γ) and x ∼ N(0, Σ)

π(dx) ∝ exp
(
−f(x)) with f(x) =

1

2
|y −G(x)|2Γ +

1

2
|x|2Σ

Bayesian Inverse problem tasks

(1) Inversion: Find x∗ := argmaxπ(x) or (2) Sampling from π

(2) Ensemble Kalman Sampling: SDE sampling π ∝ e−f with particles {X(j)}Jj=1

Ẋ(j) = −

C(ρJ)

∇f(X(j)) +
√

2

C(ρJ)

Ẇ (j),

with the covariance of the empirical measure ρJ = J−1 ∑
j δX(j) .

C(ρJ ) =
1

J

J∑
k=1

(
X(k) −X

)
⊗

(
X(k) −X

)
, X =

1

J

J∑
k=1

X(k)

[Reich, Cotter ’13], [Garbuno-Iñigo, Li, Hoffmann, Stuart ’20], [Ding, Li ’21]
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Ẇ (j),

with the covariance of the empirical measure ρJ = J−1 ∑
j δX(j) .

C(ρJ ) =
1

J

J∑
k=1

(
X(k) −X

)
⊗

(
X(k) −X

)
, X =

1

J

J∑
k=1

X(k)
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[Reich, Cotter ’13], [Garbuno-Iñigo, Li, Hoffmann, Stuart ’20], [Ding, Li ’21]
−3.50 −3.25 −3.00 −2.75 −2.50 −2.25 −2.00 −1.75 −1.50

103.5

104.0

104.5

105.0

105.5

EKS EKI



Mean-field EKS and gradient flow

Question: Can the covariance-modulation improve convergence rates?



Mean-field EKS and gradient flow

Question: Can the covariance-modulation improve convergence rates?

Intuition:

■ convergence for non-modified process Ẋ = −∇f(X) +
√
2Ẇ determined by

B = ∇2f

■ asymptotic convergence rate becomes uniform by preconditioning

Ẋ = −B−1∇f(X) +
√
2B−1Ẇ

■ if G linear, π = exp(−f) = N(x0, B
−1), then C(ρJ) serves as estimator for

B−1.



Mean-field EKS and gradient flow

Question: Can the covariance-modulation improve convergence rates?

■ mean-field limit of EKS: J → ∞ yields

Ẋ = −C(lawX)∇f(X) +
√

2C(lawX) Ẇ .

■ ρt = lawXt solves the non-linear Fokker-Planck equation

∂tρ = ∇ ·
(
C(ρ)(∇ρ+ ρ∇f)

)
= ∇ ·

(
ρC(ρ)∇F ′(ρ)

)
,

with energy F(ρ) =
∫
log ρ dρ+

∫
f dρ

covariance: C(ρ) =

∫
(x−M(ρ))⊗(x−M(ρ)) dρ, mean: M(ρ) =

∫
x dρ.
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Gradient flows

■ Fokker-Planck equation

∂tρ = ∆ρ+∇ · (ρ∇f) = ∇ ·
(
ρ∇F ′(ρ)

)
is the gradient flow of F in the L2 Kantorovich-Wasserstein distance on P(Rd)

[JORDAN-KINDERLEHRER-OTTO ’98]

W2(µ0, µ1) = inf
{∫ 1

0

∫
|Vt|2dµtdt : ∂tµ+∇ · (µtVt) = 0

µ(0) = µ0, µ(1) = µ1

}

■ mean field EKS

∂tρ = ∇ · (C(ρ)(∇ρ+ ρ∇f)) = ∇ ·
(
ρC(ρ)∇F ′(ρ)

)
is gradient flow of F in a modified goemetry on P(Rd)

[GARBUNO-INIGO, HOFFMANN, LI STUART ’20]

Wcov(µ0, µ1)
2 = inf

{∫ 1

0

∫
⟨Vt,C(µt)

−1Vt⟩dµtdt : ∂tµ+∇ · (µtVt) = 0

µ(0) = µ0, µ(1) = µ1

}



Gradient flows

■ Fokker-Planck equation

∂tρ = ∆ρ+∇ · (ρ∇f) = ∇ ·
(
ρ∇F ′(ρ)

)
is the gradient flow of F in the L2 Kantorovich-Wasserstein distance on P(Rd)

[JORDAN-KINDERLEHRER-OTTO ’98]

W2(µ0, µ1) = inf
{∫ 1

0

∫
|Vt|2dµtdt : ∂tµ+∇ · (µtVt) = 0

µ(0) = µ0, µ(1) = µ1

}
■ mean field EKS

∂tρ = ∇ · (C(ρ)(∇ρ+ ρ∇f)) = ∇ ·
(
ρC(ρ)∇F ′(ρ)

)
is gradient flow of F in a modified goemetry on P(Rd)

[GARBUNO-INIGO, HOFFMANN, LI STUART ’20]

Wcov(µ0, µ1)
2 = inf

{∫ 1

0

∫
⟨Vt,C(µt)

−1Vt⟩dµtdt : ∂tµ+∇ · (µtVt) = 0

µ(0) = µ0, µ(1) = µ1

}



Covariance modulated optimal transport

■ For µ0, µ1 ∈ P(Rd) consider dynamic transport problem

Wcov(µ0, µ1)
2 := inf

µ,V

∫ 1

0

∫
Rd

∥Vt∥2C(µt)dµtdt,

minimizing over (µt, Vt)t∈[0,1] solving ∂tµ+∇ · (µV ) = 0 with

mean M(µ) :=

∫
xdµ(x) , covariance C(µ) :=

∫ (
x−M(µ)

)(
x−M(µ)

)T
dµ(x)

∥V ∥2C(µ) := V · C(µ)−1V

■ Goals:

• structure of optimisers (competition: spreading vs. path length)

• dynamics and convergence of gradient flows for Wcov
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Modulated transport metric

■ Recall: with ∥V ∥2C = V · C−1V

Wcov(µ0, µ1)
2 := inf

{∫ 1

0

∫
Rd

∥Vt∥2C(µt)dµtdt , ∂tµ+∇ · (µtVt) = 0
}

■ Proposition:
Wcov defines a (pseudo-) distance on P2(R

d) metrising weak convergence plus
convergence of 2nd moments.

Wcov(µ0, µ1) < ∞ ⇔
(
ker C(µ0) = ker C(µ1) and M(µ1)−M(µ0) ⊥ ker C(µ0)

)
■ mass cannot travel at finite cost in directions from kerC(µt);

suppµt ⊂ span
(
suppµ0

)
for all t

■ quantitatively:
e−2

√
k0AC(µ0) ≤ C(µt) ≤ e2

√
k0AC(µ0)

for any curve with A =
∫ 1

0

∫
∥Vt∥2C(µt)

dµtdt < ∞, k0 = rankC(µ0)



Splitting in shape and moments

Theorem: For µ0, µ1 ∈ P2,+(R
d)

Wcov(µ0, µ1)
2 = inf

R∈SO(d)

{
DR(µ0, µ1) +W0,1(µ̄0,R#µ̄1)

2
}

with µ̄i = C
−1/2
i (· −mi)∗µi normalisations of µi s.t. M(µ̄i) = 0, C(µ̄i) = 1 and

■ covariance constraint transport problem

W0,1(ν0, ν1)
2 := inf

{∫ 1

0

∫
Rd

∥Vt∥2dµtdt , ∂tν +∇ · (µV ) = 0 ,

M(νt) = 0,C(νt) = 1 ∀t
}

■ constraint moment problem

DR(µ0, µ1) := inf
m,C

{∫ 1

0

ṁt · (AtA
T
t )

−1ṁt + tr
[
ȦtA

−1
t ȦtA

−1
t

]
dt,

mi = M(µi),A0 = C(µ0)
1
2 ,A1R = C(µ1)

1
2 ,A−1

t Ȧt symmetric
}

Note: any (non-symmetric) root A of C sat. AR = C1/2 for suitable R ∈ O(d)
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ṁt · (AtA
T
t )
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t Ȧt symmetric
}

Note: any (non-symmetric) root A of C sat. AR = C1/2 for suitable R ∈ O(d)



Proof sketch

■ separate minimisation of transport and evolution of moments

Wcov(µ0, µ1) = inf
{
Wm,C(µ0, µ1) : m : [0, 1] → R

d ,C : [0, 1] → Sd×d
+

}
Wm,C(µ0, µ1)

2 := inf
{∫ 1

0

∫
∥Vt∥2Ct

dµtdt : ∂tµt +∇ · (µtVt) = 0,

M(µt) = mt,C(µ)t = Ct ∀t
}

■ for (non-symmetric) root At of Ct and µ̃t :=
(
A−1

t (· −mt)
)
#
µt with M(µ̃t) = 0,

C(µ̃t) = 1 and suitable Ṽt:

∂tµ̃t+∇·(µ̃tṼt) = 0 ,

∫
∥Vt∥2Ct

dµt =

∫
∥Ṽt∥2dµ̃t + ṁ·(AAT )−1ṁ+ tr

[
ȦA−1ȦA−1]

■ if V is optimal, then exists ϕ̄ s.t. V̄ = ∇ϕ̄ provided A−1
t Ȧt is symmetric

■ µ̃1 = R#µ̄1 for R = A−1
1 C

1/2
1 and µ̄1 = C

−1/2
# µ1
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Competition of shape and moments

Example: consider Gaussians γm0,C, γm1,C with δ = m1 −m0

■ classical transport: translation by δ

W2

(
γm0,C, γm1,C

)
= ∥δ∥

■ modulated transport: inflation+translation to increase covariance / decrease cost

Wcov

(
γm0,C, γm1,C

)
∼ log ∥δ∥ for ∥δ∥ ≫ 1



Variance modulated/constraint optimal transport

■ variance modulated transport:

Wvar(µ0, µ1)
2 := inf

{∫ 1

0

1

var(µt)

∫
Rd

∥Vt∥2dµtdt , ∂tµ+∇ · (µV ) = 0 ,
}

■ Splitting in shape and moment:

Wvar(µ0, µ1)
2 = W0,1(µ̄0, µ̄1)

2 +Dvar

(
µ0, µ1

)2
with

W0,1(µ0, µ1)
2 := inf

{∫ 1

0

∫
Rd

∥Vt∥2dµtdt , ∂tµ+∇ · (µV ) = 0 ,

M(µt) = 0, var(µt) = 1 ∀t
}

Dvar

(
µ0, µ1

)2
:= inf

{∫ 1

0

∥ṁt∥2 + |σ̇t|2

σ2
t

dt,

m(i) = M(µi), σ(i)
2 = var(µi), i = 0, 1

}
■ moment interpolation problem explicitely solvable
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Variance constraint optimal transport

■ Theorem [CARLEN-GANGBO ’03]:

Wm,σ(µ0, µ1) = 2σ arcsin
(W2(µ0, µ1)

2σ

)

■ Wm,σ distance induced by W2 on

Em,σ :=
{
µ ∈ P2(R

d) : M(µ) = m , var(µ) = σ2}
’sphere’ of radius σ in

(
P2(R

d),W2

)
centered at δm

Geodesics are obtained by translation/scaling of Wasserstein geodesics
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Structure of shape optimisers for Wcov

■ normalisation of Wasserstein geodesic not optimal for covariance modulation!

■ some numerical results
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Structure of shape optimisers for Wcov

■ dual transport problem:

1

2
W0,1(µ0, µ1)

2 = sup
ϕ,Θ

{∫
ϕ1dµ1 −

∫
ϕ0dµ0 −

∫ T

0

tr[Θt]dt :

∂tϕ(x) +
1

2
|∇ϕt|2(x) + x ·Θtx ≤ 0

}

■ Lagrangian formulation:

W0,1(µ0, µ1)
2 = inf

Π

{
EΠ

[ ∫ 1

0

|γ̇t|2dt
]
: γ0,1 ∼ µ0,1,EΠ

[
γt
]
= 0,EΠ

[
γtγ

T
t

]
= 1

}
optimal Π concentrated on solutions to

γ̈t + Λtγt = 0

with Λt Langrange multiplier for global covariance constraint

⇒ interaction of particle trajectories
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Existence of covariance modulated/constraint geodesics

Theorem:

■ Every µ0, µ1 ∈ P0,1(R
d) with W0,1(µ0, µ1)

2 < 1
8

are connected by a W0,1

geodesic.

■ Every µ0, µ1 ∈ P2,+(R
d) with Wcov(µ0, µ1)

2 < 1
8
+D(µ0, µ1)

2 are connected
by a Wcov geodesic.

Problem: minimising sequences might lose constraint in the limit

Theorem:
Let µ0, µ1 ∈ P0,1(R

d) be symmetric in all d directions. Then there exists a W0,1

geodesic connecting them.

There are a coupling π of µ0, µ1 and parameters ω1, . . . , ωd s.t. the optimal path
measure is given by superposition of the curves

γk(s) =
sinωk(1− s)

sinωk
xk +

sinωks

sinωk
yk

weighted by π(dx,dy).
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Convexity of energy (formal)

■ Theorem: ([MCCANN ’97])

Let U : [0,∞) → [0,∞) convex s.t. λ 7→ λdU(λ−d) convex non-inc.
Then the internal energy

U(ρ) =
∫

U(ρ) dx

is convex along W2 geodesics, i.e. d2

dt2
U(ρt)

∣∣∣
t=0

≥ 0.

■ Theorem: (constraint improves convexity)
Along any W0,1-geodesic we have

d2

dt2
U(ρt)

∣∣∣∣
t=0

≥ |ρ̇0|W0,1

∫
P (ρ) ≥ 0,

with the pressure P (r) = rU ′(r)− U(r).

In particular, entropy U(r) = r log r (P (r) = r) is 1-convex.

■ Note: Quadratic energies V(ρ) = 1
2

∫
|x|2B dρ are constant along constrained

geodesics.
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Splitting of the gradient flow

■ EKS gradient flow for posterior π(dx) ∝ exp
(
−f(x)) with f(x) = 1

2
|x− x0|2B

∂tρt = ∇ ·
(
C(ρ)∇

(
ρ+ ρB−1(x− x0)

))

■ evolution of moments mt = M(ρt), Ct = C(ρt):

ṁt = −CtB
−1(mt − x0) , Ċt = 2Ct

(
1−B−1Ct

)
⇒ Ct =

((
1− e−2t)B−1 + e−2tC−1

0

)−1

■ evolution of normalized shape: solve

Ȧt =
1
2
ĊtA

−T
t A0A

T
0 = C0 (then A−1

t Ȧt symmetric,AtA
T
t = Ct)

then ηt = A−1
t (· −mt)∗ρt solves

∂tη = ∆η −∇ · (ηx)
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EVI and consequences

■ relative entropy:

E(η|N0,1) =

∫
log ηdη +

1

2

∫
|x|2dη ,

■ Theorem: (shape EVI) For any ν ∈ P0,1

d

dt
W0,1(ηt, ν)

2 +W0,1(ηt, ν)
2 ≤ E(ν|N0,1)− E(ηt|N0,1)

■ Corollary: (exponential stability of shape)

W0,1(η
1
t , η

2
t ) ≤ e−tW0,1(η

1
0 , η

2
0) Independent of quadratic potential B!

■ Wasserstein stability

W2(ρt, Nx0,B) ≤ e−tκ(B,C0)
(

inf
R∈SO(d)

W2

(
R♯ρ̄0, N0,1

)2
+ |m0 − x0|2C0

+

∥∥∥∥(B 1
2 C−1

0 B
1
2

) 1
2 − 1

∥∥∥∥2
HS

) 1
2

where κ(B,C0) := ∥B∥2 max
{
1,

∥∥∥B− 1
2 C0B

− 1
2

∥∥∥
2

}
Note: compare with [CARRILLO-VAES ’21]
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Convergence to equilibrium

■ splitting of entropy

E(ρ|Nx0,B) = E(η|N0,1) + E
(
NM(ρ),C(ρ)|Nx0,B

)

■ Theorem: (convergence of shape+moments)

E(ηt|N0,1) ≤ e−2tE(η0|N0,1)

E(Nmt,Ct |Nx0,B) ≤ κe−2tE(Nm0,C0 |Nx0,B)

with

κ = κ(B,C0) =
(
1 ∨ ∥B

1
2C−1

0 B
1
2 ∥2

)(
1 ∨ ∥B− 1

2C0B
− 1

2 ∥2
)

■ κ improves if m0 = x0

■ Similar esimates for Fisher information ⇒ exponential smoothing of gradients



Comparison variance vs covariance modulation

Let B ∈ Rd×d
sym,+ be fixed and consider energy

E(ρ) =
∫

log ρ dρ+
1

2

∫
⟨x,Bx⟩dρ.

variance-modulated GF

∂tρt = var(ρt)∇ · (ρt∇E ′(ρt)).

E(ρt|ρ∞) ≤ e−2tλE(ρt|ρ∞),

with

λ = min

{
d

∥B∥2∥B−1∥2
, d

∥B∥2∥C−1
0 ∥

}
.

Note: Exponential rate depends on EVs of B!

covariance-modulated GF

∂tρt = ∇ · (ρt C(ρt)∇E ′(ρt)).

E(ρt|ρ∞) ≤ κ e−2tE(ρt|ρ∞),

with

κ =
(
1 ∨ ∥B

1
2 C−1

0 B
1
2 ∥2

)(
1 ∨ ∥B− 1

2 C0B
− 1

2 ∥2
)
.

Note: Only prefactors depend on EVs of B!



Summary and open questions

Summary:

■ covariance-modulated transport distance:
■ splitting in shape and moments
■ improved convexity properties

■ EKS is gradient flow in covariance-modulated geometry

■ uniform exponential convergence rates for quadratic potentials

Open questions:

■ unconditional existence of geodesics for covariance-modulated OT?

■ explicit structure of optimal curves?

■ non-quadratic potentials?

■ different modulations (Hessian of ρ)?



Thank you for your attention!
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