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m Motivation: Bayesian inverse problems

m Covariance-modulated optimal transport

m Gradient flows induced by covariance-modulated transport

m Trend to equilibrium for modulated gradient flows
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Inverse problems for parameter estimation

Parameter estimation: given data y € R¥ and noise ¢ € R?
find parameter x : y=G(z)+¢ for given model G : R* — R¥.

Posterior density: For Gaussian noise £ ~ N(0,T") and z ~ N(0, X)
. 1 1
n(dz) < exp (—f(2))  with  f(2) = Sy - G@)F + 5ol

Bayesian Inverse problem tasks

(1) Inversion: Find z* := arg max (x) or (2) Sampling from 7
(2) Ensemble Kalman Sampling: SDE sampling = o« e~/ with particles {X(j)};]:l

X0 = —C(p")\VHXD) +V2C(p ) WY,

with the covariance of the empirical measure p’ = J~* Zj 05 () -
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Mean-field EKS and gradient flow

Question: Can the covariance-modulation improve convergence rates?

B mean-field limit of EKS: J — oo yields

X = —C(law X)Vf(X) 4+ /2C(law X ) W.

B p: = lawX; solves the non-linear Fokker-Planck equation
dp=V-(Cp)(Vp+pVf) =V-(pClp)VF (p)),

with energy F(p) = [logpdp+ [ fdp

covariance:  C(p) = / (@—M(p)(@—M(p))dp,  mean: M(p) = / 2 dp.



Gradient flows

B Fokker-Planck equation
dp=R0p+V-(pVf)=V-(pVF (p))

is the gradient flow of F in the L? Kantorovich-Wasserstein distance on P(R%)
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Gradient flows

B Fokker-Planck equation
dp=R0p+V-(pVf)=V-(pVF (p))

is the gradient flow of F in the L? Kantorovich-Wasserstein distance on P(R%)
[JORDAN-KINDERLEHRER-OTTO "98]

Wo (a0, 1) = int //M\ duedt : O+ V- (Vi) =0
/.L(O):/.,Lo, }

B mean field EKS

dp =V -(C(p)(Vp+pVf)=V-(pClp)VF(p))
is gradient flow of F in a modified goemetry on P(R%)
[GARBUNO-INIGO, HOFFMANN, LI STUART '20]

1
Weou (ko 1)’ :inf{/ /<Viyc</,ﬁ>*lw>dutdt L O+ (Vi) =0
0

p(0) = po, p(1) = Ml}



Covariance modulated optimal transport

B For po, 1 € P(R?) consider dynamic transport problem
1
2 . 2
Weov (o, p1)” 1= ;1}715/0 /[Rd IVelle ey dpeedt,
minimizing over (ju¢, Vi)iejo,1] solving Ogpe + V - (uV') = 0 with
mean M(p) := /mdy(x) , covariance C(u) := / (z—M(p)) (m—M(,u))po(x)
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Covariance modulated optimal transport

B For po, 1 € P(R?) consider dynamic transport problem
1
2 . 2
Weov (b0, p1)” = Lné/o /[Rd [IVellc () dpadt,
minimizing over (ju¢, Vi)iejo,1] solving Ogpe + V - (uV') = 0 with

mean M(p) := /mdp(x), covariance C(p) ::/(fo(u)) (:vfM(,u))po(:v)

V& =V -Cw)~V

B Goals:

e structure of optimisers (competition: spreading vs. path length)
e dynamics and convergence of gradient flows for Weey



Modulated transport metric
B Recall: with [V|Z =V .- C'V

1
Wl ) s=in { [ [ IVilluodpdt 01+ 9 (i) = 0}
0 R

B Proposition:
Weov defines a (pseudo-) distance on P2(|Rd) metrising weak convergence plus
convergence of 2nd moments.

Weov (10, 1) < 00 < (ker C(po) = ker C(p1) and M(p1)—M(po) L ker C(,ug)>
B mass cannot travel at finite cost in directions from kerC(u.);

suppye C span(supppio) for all ¢

B quantitatively:
e 2VIOAC (o) < Clue) < €*VONC(pao)

for any curve with A = [ [ [Vl () dpiedt < 00, ko = rank C(po)
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Splitting in shape and moments

Theorem: For po, p11 € P2+ (R)

Weov (10, 11)* = {DR(uo, p1) + Wo,1(fo, R#ﬂl)Q}

inf
RESO(d)

with fi; = C;1/2(- — m;).p; normalisations of p; s.t. M(fi;) = 0, C(fz;) = 1 and

B covariance constraint transport problem
Woor(vo,11)? := inf{/ol /{Rd VillPduedt , 8w+ V- (V) =0,
M(1) = 0,C(i) = 1 w}
B constraint moment problem
Dr(po, p1) = inf { /01 me - (AA]) e + tr[AATAA ] dt,
mi = M(), Ao = C(u0) 2, ALR = C(u1) 2, A; A, symmetric}

Note: any (non-symmetric) root A of C sat. AR = C!/2 for suitable R € 0(d)



Proof sketch

B separate minimisation of transport and evolution of moments
Weov(pt0, p11) = inf {Wm,c(umm) :m:[0,1] =R, C:[0,1] = SiXd}
1
Wanc(po, 11)* == inf{/ /HVtHgtdﬂtdt 2 O + V- (Vi) = 0,
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Proof sketch

B separate minimisation of transport and evolution of moments
Weov (10, 1) = inf {Wm,c(,umm) :m:[0,1] — RY,C: [0,1] — SiXd}
Waclpospn)? s=int { [ [ 1Vl it duc+ 9 (uti) =0,
M(pe) = me, C(p)e = G Vt}
m for (non-symmetric) root A; of C; and ji; := (A; ' (- — mt))#,ut with M(fi:) = 0,
C(ji:) = 1 and suitable V;:

Ofie+V-(juVi) =0, /||Vt||%td,ut :/\|Vt||2d,1t+m.(AAT)*ler[AA*lAA*

m if V is optimal, then exists ¢ s.t. V = V¢ provided A; ' A, is symmetric

W /i1 = Ry for R=A7'Cy/? and i = C,'/%



Competition of shape and moments

Example: consider Gaussians vmg,c, Ym,,c With d = m; — mg
B classical transport: translation by 0

W (Ymo,c, Ymi.c) = [16]]
B modulated transport: inflation+translation to increase covariance / decrease cost

Wcov(’Ymo,Ca’le,C) ~ IOg ||§|| for ||6|| >1

e r




Variance modulated/constraint optimal transport

B variance modulated transport:

1
. 1
anr(,u07ﬂl)2 := inf { /

m/ﬂw IVillPdpedt ,  Oepe+ V- (V) :0,}
0



Variance modulated/constraint optimal transport

B variance modulated transport:

. |
W (o, n)? := in | / ) / Vit Dt V() =0, }

0

B Splitting in shape and moment:

WVE"'(:“’O? 1U‘1)2 = WO,I(,ELO, /7'1)2 + Dvar (,U/O, ﬂ1)2

with
1
Wo.i(po, mn)* ::inf{/ /d\IVtIIZthdR O+ V- (uV) =0,
0 R

M(ue) =0, var(u:) =1 Vt}
T (12 o (a2
Dvar()u()a ;""1)2 = inf {/ Mdta
0 Tt
m(i) = M(u:), o(i)? = var(:),i = 0,1}

B moment interpolation problem explicitely solvable
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Variance constraint optimal transport

B Theorem [CARLEN-GANGBO '03]:

Whn,o (10, 1) = 20 arcsin (W)

B W, , distance induced by W5 on

Emoi={p e P2(RY) : M(p) = m ,var(u) = 02}

'sphere’ of radius o in (P2(R?), W2) centered at

Geodesics are obtained by translation/scaling of Wasserstein geodesics




Structure of shape optimisers for W,

B normalisation of Wasserstein geodesic not optimal for covariance modulation!

B some numerical results
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Structure of shape optimisers for W,

W dual transport problem:

Wo 1(po, pn)? = /d)ld,ul /¢0duo —/O tr[O¢]dt :

Or(x) + §|V¢t|2($) 4260 < 0}



Structure of shape optimisers for W,

W dual transport problem:

1 T
§W0,1(uo,u1)2 :sup{/qﬁldm —/d)oduo —/ tr[©]dt :
9,0 0

op(x) + %|V¢t|2(1’) +x-0ix < 0}

B Lagrangian formulation:

1
Wo,1 (po, p11)* = igf{[EH[/ \“'Yt|2dt] ty0.1 ~ po1, Enn[ye] = 0, Enn [y | = 1}
0
optimal II concentrated on solutions to
Ft+ Aeye =0

with A, Langrange multiplier for global covariance constraint

= interaction of particle trajectories



Existence of covariance modulated/constraint geodesics

Theorem:
L are connected by a Wo 1

| Every o, p1 € Poyl(Rd) with W 1 (1o, ,I.Ll)2 <3

geodesic.
L+ D(po, p1)? are connected

B Every po, 1 € P24 (RY) with Weoy (10, p1)* < %
by a W... geodesic.

Problem: minimising sequences might lose constraint in the limit



Existence of covariance modulated/constraint geodesics

Theorem:
® Every po, 11 € Po,x(R?) with Wo 1 (110, 1)* < £ are connected by a Wo 1
geodesic.

® Every po, 111 € P2+ (R?) with Weoy (110, 1)* < £ + D(po0, p1)? are connected
by a W... geodesic.

Problem: minimising sequences might lose constraint in the limit

Theorem:

Let p10, i1 € Po,1(R%) be symmetric in all d directions. Then there exists a Wo 1
geodesic connecting them.

There are a coupling 7 of po, 11 and parameters wa, . . ., wq S.t. the optimal path
measure is given by superposition of the curves

sinwg (1 — s) n sin wgs
x

e (s) = sin wg k sin wg

weighted by 7 (dzx, dy).



Convexity of energy (formal)

B Theorem: ([(McCANN '97])

Let U : [0, 00) — [0, 00) convex s.t. A — AU (A™%) convex non-inc.
Then the internal energy

Ulp) = / U(p) da

is convex along W> geodesics, i.e. ;Tiu(pt) > 0.

t=0
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B Theorem: ([(McCANN '97])

Let U : [0, 00) — [0, 00) convex s.t. A — AU (A™%) convex non-inc.
Then the internal energy

Ulp) = / U(p) da

> 0.

. . . d2
is convex along W> geodesics, i.e. {=U(p:) -

B Theorem: (constraint improves convexity)
Along any Wy, 1-geodesic we have
2

d .
U =iy, [ P20,

with the pressure P(r) = rU’(r) — U(r).

t=0

In particular, entropy U(r) = rlogr (P(r) = r) is 1-convex.



Convexity of energy (formal)

B Theorem: ([(McCANN '97])

Let U : [0, 00) — [0, 00) convex s.t. A — AU (A™%) convex non-inc.
Then the internal energy

Ulp) = / U(p) da

> 0.

. . . 2
is convex along W> geodesics, i.e. C??Z/l(pt) >
t=0

B Theorem: (constraint improves convexity)
Along any Wy, 1-geodesic we have
2

d
—Uu
412 (pt)

with the pressure P(r) = rU’(r) — U(r).

> linly, , [ P(e) >0,
t=0

In particular, entropy U(r) = rlogr (P(r) = r) is 1-convex.

B Note: Quadratic energies V(p) = % [lz|% dp are constant along constrained
geodesics.
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Splitting of the gradient flow

W EKS gradient flow for posterior (dxz) o< exp (—f(z)) with f(z) = 3|z — 2o 2

dpe =V - (C(p)V(p+ pB~ " (z — 20)))

B evolution of moments my = M(p¢), C¢ = C(p¢):
r'nt = —CtB_l(mg - .ro) 5 Ct = 2Ct(1 — B_1Ct)
- Ct _ ((1 _ 6—2t)B—1 + 6—2tC61)71

B evolution of normalized shape: solve
A, =L1CATT AGAL =Co (then A" A, symmetric, A,A] = Cy)
then n, = A; ' (- — my).p; solves

O =An—V - (nx)



EVI and consequences
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EVI and consequences

B relative entropy:
1
EniNox) = [1ognan+ 5 [lofan,
B Theorem: (shape EVI) Forany v € Py 1

d
3¢ Vo (e, V)2 4+ Woa(ne,v)* < E(wINo,1) — E(meNo,1)

m Corollary: (exponential stability of shape)

Woa(nt,n?) < e "Woa(ns,ms) Independent of quadratic potential B!
B Wasserstein stability

Wa(pt, Nuo,B) < € 'k(B, Co)<R€i§1£(d) Wz(Ruﬁo,No,n)Q + |mo — xo 200
2 1

)E

- H(B%co—lB%)% ~1

y

HS

where (B, Co) := || B||2 max{l7 HB_%COB_%

Note: compare with [CARRILLO-VAES '21]



Convergence to equilibrium

B splitting of entropy

E(pINzo,8) = E(MINo,1) + € (Nn(p).c(p) [Nz, B)

B Theorem: (convergence of shape+moments)

E(me|No,1) < e”*E(m0|No,1)
S(Nmt,ct|NzoyB) < 5672t€(Nm07C0|N10,B)

with

k= r(B,Co) = (1VIIBECy B2 |12) (1 [B72CoB ™22

B x improves if mo = xo

B Similar esimates for Fisher information = exponential smoothing of gradients



Comparison variance vs covariance modulation

Let B € Rgx’, be fixed and consider energy

E(p) :/logpdp—i—%/(x,Bm)dp.

variance-modulated GF covariance-modulated GF
depr = var(pe)V - (peVE' (pr)). depe = V- (pe Cpe) VE' (pr)).
Epelpos) < €7 Epelpoc), E(pelpec) < ke E(pelpoo),
with with
1 1 1 1
_ d d k= (1V|B2C; B2|j2)(1V | B 2CoB™2|2).
A mm{ 1Bl21B= 2 ||B|2lICy I } ( 0 )( )
Note: Exponential rate depends on EVs of B! | Note: Only prefactors depend on EVs of B!




Summary and open questions

Summary:

B covariance-modulated transport distance:

B splitting in shape and moments
B improved convexity properties

B EKS is gradient flow in covariance-modulated geometry

B uniform exponential convergence rates for quadratic potentials

Open questions:
B unconditional existence of geodesics for covariance-modulated OT?
B explicit structure of optimal curves?
B non-quadratic potentials?

B different modulations (Hessian of p)?



Thank you for your attention!
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